The Heisenberg antiferromagnet, which arises from the large U Hubbard model, is investigated on the C 60 molecule and other fullerenes. The connectivity of C 60 leads to an exotic classical ground state with nontrivial topology. We argue that there is no phase transition in the Hubbard model as a function of U/t, and thus the large U solution is relevant for the physical case of intermediate coupling. The system undergoes a first order metamagnetic phase transition. We also consider the S=1/2 case using perturbation theory. Experimental tests are suggested. 
increases.
All carbon atoms on the C 60 molecule are equivalent, but there are two slightly different bond lengths, 1.45Å for the pentagon bonds and 1.40Å for the non-pentagon bonds.
[5] The magnetic exchange constant for two neighboring sites on the same pentagon is J 1 . The constant connecting a site on one pentagon with a nearest neighbor on another pentagon is J 2 . The Hamiltonian is
Since the spins in any given pentagon are coplanar,n for a pentagon can be defined to be the normal to the spin plane. Define a second vectorm for the pentagon, which is normal to the physical plane of the pentagon (a unit vector pointing away from the center of the ball). For a particular global spin rotation, the set of normals to the spin planes for the 12 pentagons {n j } is a nontrivial permutation of the set of physical normals {m j }. Let the global spin rotation be such that for the pentagon on the north pole,n 1 =m 1 . The pentagon on the north pole is surrounded by a first ring of 5 nearest neighbor pentagons, a second ring of 5 second nearest neighbors, and one pentagon on the south pole. Any of the 5 pentagons in the first ring have ann equal to one of them for a pentagon in the second ring. Using the pentagon numbering convention of Fig. (1) ,n i =m j(i) , with ( j(1), j(2), . . . , j(12) ) = (1, 7, 9, 11, 8, 10, 6, 3, 5, 2, 4, 12). The solid angle subtended by the {n j } for 3 pentagons that are mutual nearest neighbors is 7 times larger than the solid angle subtended by their {m j }. A topological skyrmion number is the number of times one sphere covers another sphere, much as a vortex number is the number of times one circle covers another circle. The skyrmion number for the fieldn is 7, for both of the parity related ground states.
[6] Given that the Hamiltonian is so simple, this exotic ground state arises because of the connectivity of the
The classical antiferromagnet on C 12 , C 20 , C 70 , and C 84 has also been solved numerically.
The truncated tetrahedron C 12 is a smaller system with properties similar to C 60 . We have calculated the classical ground state for the smallest molecule in this series, the dodecahedron C 20 , for the most stable D 5h isomer of C 70 , and for the T d isomer of C 84 .
[10]
The C 20 molecule has not been synthesized, while C 70 and C 84 are produced in carbon arcs.
The ground state energy for the dodecahedron is −22.360680J, which does not reach the bound E . The skyrmion number of the ground state is 7.
Assuming that all C 70 bonds have the same coupling J, the ground state energy of C 70 is −93.346473J, which is slightly higher than the lower bound E We do not yet understand the C n problem well enough to predict the result for a general n isomer without doing the full calculation. The results on C 20 , C 60 , C 70 , and C 84 are consistent with the hypotheses that (1) C 60 is the unique fullerene that reaches the energy lower bound, and (2) the ground state has a nonzero skyrmion number when it can be defined.
We now calculate the response of C 60 to a magnetic field by adding a term −hẑ · i σ i to the Hamiltonian. There is a first-order metamagnetic transition, which is surprising for an isotropic Heisenberg model. Usually magnetic anisotropy, arising from the spin-orbit interaction, is required for a metamagnetic transition. The symmetry of the ground state . In nonzero field, the spins in a given pentagon are not coplanar. The pentagon spin plane normaln is generalized so that a variablen i,j occupies each pentagon bond, witĥ n i,j ∼ σ i × σ j . The skyrmion number can be calculated for the fieldn i,j , and it is found that the skyrmion number is 7 both above and below the transition.
The above results are for the lowest energy state at a given magnetic field. One can also obtain hysteresis loops by following metastable states while slowly changing the magnetic field, Fig. (2) . A hysteresis loop can be complicated because of the large number of local minima, but it never encloses the origin.
We have also investigated the response of C 12 , C 20 , C 70 , and C 84 to an external magnetic field. Of these, only C 20 has a metamagnetic transition at which the magnetic moment is discontinuous. The other members of this group have a transition at which the moment M is continuous, but dM/dh is discontinuous. We do not understand this difference in behavior.
The above M(h) calculations for S = ∞ do not directly apply to C 60 , which has S = 1/2.
Since S z is a good quantum number for the S = 1/2 system, it cannot have a magnetization that is linear in h for small h as shown in Fig. (2) . The closest it can come to Fig. (2) is to follow in a staircase fashion, with a series of first order transitions at which S increases from 0 to 1 to 2, etc., with a larger ∆S jump at the metamagnetic transition. Since the transition from S = 0 to 1 is at unobservably large fields (order of J or 1000 T), the spin susceptibility vanishes. For U >> t, the orbital susceptibility falls as t 5 /U 4 from the five-membered rings.
Since the physical U is not very much larger than t, there is an orbital contribution to the measured susceptibility. Elser and Haddon have estimated that the orbital contribution nearly vanishes for C 60 with U = 0.
[11] The effect of nonzero U is hard to estimate for C 60 , but we note that for an isolated six-membered ring the orbital susceptibility for U/t = 4 is 0.49 that for U = 0. The orbital and spin susceptibility should thus be very small for C 60 , which is consistent with measurements.
[12]
We now discuss the S = 1/2 wavefunction. For S = 1/2, σ in Eq. (1) is a 2 × 2 matrix.
The simplest prescription to make an S = 1/2 trial wavefunction is to form a coherent state |ψ 0 > that is a product of spinors. The spinor on each site j is quantized in the local +ẑ j direction given by the classical spin direction. The expectation < ψ 0 |H|ψ 0 > is equal to the classical energy. Two modifications to this prescription are required. The first is to add zero point spin fluctuations, which lower the energy and result in a wavefunction |ψ 1 >.
The second is to make the wavefunction the sum over coherent states representing all of the classical ground states (including global rotations and parity). This results in a trial state of total spin S = 0.
The spin fluctuation energy is estimated in leading (second) order perturbation theory.
This calculation gives an extremely accurate energy for the square lattice antiferromagnet.
[13] The energy shift for C 60 is
where each |j > has two adjacent spins flipped with respect to |ψ 0 >. For J 1 = J 2 = 1, the ground state energy is shifted to E g = E 0 + ∆E = −78.541 − 45.676 = −124.217. The correction to the classical energy is somewhat larger than that for the S=1/2 Heisenberg model on a square lattice. The reason is that in this case each site is only three-fold coordinated and the neighboring spins are not all exactly antialigned, so that the energy denominators are smaller. Another attractive variational trial state |ψ 2 > is the product of singlets on each non-pentagon bond. [14] This state has an energy E 2 = −90, which is considerably higher than E g . (The energy E 2 can also be reduced by adding fluctuations perturbatively.) We also calculated the moment reduction in second order perturbation theory on the coherent state. The local moment is reduced from 1 to .5590. This moment is smaller than that obtained for the square lattice. [13] Due to quantum fluctuations, a spin 1/2 wavefunction does not have a unique skyrmion number. The wavefunctions |ψ 0 > and |ψ 1 > that we propose do, however, have unusual, nonvanishing spin-spin correlation functions even for widely separated spins on the molecule.
Some of the correlation functions result from the fact that each pentagon tends to have a unique normal, which may be calculated from any of the five adjacent spin pairs in the pen-tagon, σ i × σ j . Other nonzero correlation functions arise because the normals to different pentagons are related. We have calculated some correlation functions from exact diagonalizations of the smaller model system, the truncated tetrahedron. These calculations indicate that both short and long range classical spin correlations survive quantum fluctuations. [15] In contrast, the proposed local singlet state |ψ 2 > and the RVB state [2] have only short range antiferromagnetic correlations.
Motivated in part by the cuprate superconductors, there has been a large effort in calculating the properties of extra holes or electrons in a planar antiferromagnet using t − J and t − t ′ − J models. [16] An electron doped crystal of C 60 molecules is also a superconductor, [17] and it may be useful to do similar calculations in its more complicated spin field.
In conclusion, we have investigated the low-energy magnetic properties of undoped C 60 , the related fullerenes C 20 , C 70 , and C 84 , and the truncated tetrahedron C 12 in the strong interaction limit. We argue that there is no phase transition in C 60 as a function of Hubbard U, and thus the spin-spin correlation functions at intermediate U are expected to be similar but smaller than those for large U. In the classical approximation, the connectivity of the ball leads to an exotic magnetic ground state with nontrivial topology even for the simplest antiferromagnetic Heisenberg Hamiltonian. C 60 is the only fullerene investigated that reaches the energy lower bound, meaning that it has no frustration beyond that of an elementary pentagon. The spin correlations in C 60 may be measurable by inelastic neutron scattering, by magnetic x-ray scattering, or by 13 C NMR. 
